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1. Introduction 

The purpose of this article is to study the Chow groups and Chow motives 
of the so-called wonderful compactifications of an arrangement of subvari- 
eties, in particular the Fulton-MacPherson configuration spaces. 

All the varieties in the paper are over an algebraically closed field. Let Y 
be a nonsingular quasi-projective variety. Let S be an arrangement of sub- 
varieties of Y (cf. Definition 12. 2p . Let Q he a building set of S, i.e., a finite 
set of nonsingular subvarieties in S satisfying Definition 12. 3i The wonderful 
compactification Yg is constructed by blowing up Y along subvarieties in 
G successively (cf . Definition 12. 5p . There are different orders in which the 
blow-ups can be carried out, for example we can blow up along the centers 
in any order that is compatible with the inclusion relation. There are many 
important examples of such compactifications: De Concini and Procesi's 
wonderful model of a subspace arrangement, the Fulton-MacPherson con- 
figuration spaces, the moduli space A^o,n of stable rational curves with n 
marked points, etc. These spaces have many properties in common. Study- 
ing them by a uniform method gives us better understanding of these spaces. 
In this article, we study their Chow groups and Chow motives. 

If we assume that Y is projective, then the Chow motive of Yg, denoted 
by h{Yg), can be decomposed canonically into a direct sum of the motive of 
Y and the twisted motives of the subvarieties in the arrangement (cf. §2.1 
for a review of Chow motives). We will prove the following theorem, where 
the precise definition of the set Mq- and the subvarieties YqT of Y are in §3. 

Main Theorem (Theorems 13. 1 1 [3^ . Let Y be a nonsingular quasi-projective 
variety, Q be a building set and Yg be the wonderful compactification Yg. 
Then we have the Chow group decomposition 

A*Yg = A*Y © yl*"ll^ll(yoT) 
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where T runs through all Q -nests. Moreover, when Y is projective we have 
a Chow motive decomposition 

h{Yg)^h{Y)e^ h{YoT){M) 
T ^J.eMr 

where T runs through all Q-nests. In this case the correspondences giving the 
above isomorphism are canonical in the following sense: although there is no 
canonical order of blow-ups (in general) to construct Yg, the correspondences 
turn out to be independent of the order we choose. 

The Fulton-MacPherson configuration space X[n] is one of the most in- 
teresting examples of the wonderful compactification Yg where Y = X" and 
Q is the the set of all the diagonals in X" (cf. §4.1). Applying the main the- 
orem to ^[n], we obtain the following theorem, where the precise definition 
of the nests S, the polydiagonals A5, the integers c(5), the sets of lattice 
points Ms, and the correspondences as,^ and (3s, ^j. are in §4.1. 

Theorem 14.21 Let X be a nonsingular projective variety. Then there is a 
canonical isomorphism of Chow motives 

as,, : h{X[n]) = 00 h{As){M) 

with the inverse ^ ^ /5<s,/i.- Equivalently, we have the following decomposi- 
tion of the Chow motive of X[n]: 

M^N) = M^^(^^)(iyi)- 

5 ^J.eMs 

Here are two consequences of this theorem. One is that we can easily 
express the decomposition of h{X[n]) using a generating function N{x,t), 
as follows. 

Theorem 14.31 Define fi{x) to be the polynomials whose exponential gen- 
erating function N{x,t) = ^ fi{x)ij satisfies the identity 

i>i *■ 

(1 - x)x'^t + (1 - 2;'^+^) = exp(x''iV) - exp(iV) 
where d = dimX. Then 

h{X[n])= {h{X'){i)f^—^-. 

l<k<n 
i>0 

The other consequence is a decomposition of the Chow motive of the 
quotient variety X[n]/&n obtained from the natural symmetric group &n 
action on X[n]. To make sense of the motive of a quotient variety, we 
assume the base field is of characteristic 0. The correspondences appeared 
in Theorem 14.21 are canonical, and therefore symmetric with respect to the 
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symmetric group S„. It is then possible to compute the S^-invariant part of 
h{X[n]), which is the Chow motive of X[n]/&n- As pointed out by |FM94j . 
unUke the isotropy groups of a point in X", the isotropy group of any point 
in X[n] is always solvable, therefore the singularity of X[n]/&n is "better" 
than the singularity of the symmetric product X^""^ := X^/&n- It would 
be interesting to see how different is the Chow motive h{X[n]/&n) from 
h{X^"'^). In the following theorem, an unlabeled weighted forest is a forest 
whose nodes are not labeled and that each non-leaf node is attached by a 
positive integer called weight; we call an unlabeled weighted forest of type 
V := {ni, . . . , rir} if the forest is of the form riiTi + • • • + rirTr, where Tj are 
mutually distinct unlabeled weighted tree. 

Theorem 15.31 For any unordered set of positive integers v = {ni, . . . , n^} 
and any non-negative integer m, let X{iy,m) to be the number of unlabeled 
weighted forest with n leaves, of type v and of total weight m, such that at 
each non-leaf v with children, the weight satisfies 1 ^ rriv — (ct? — 



The importance of all the above results of Chow motives can be seen 
through a working principle: 

Principle: A result proved for Chow motives is valid if we replace them 
by homological/numerical motives, Chow groups A^, cohomology groups 
Hq, Crothendieck groups (the aforementioned groups are taken with Q- 
coefficients) , Hodge structures, etc. 

Thus for example, we have a decomposition for the Q-coefhcient singular 
cohomology of Yg, X[n\ and X[n]/(3„. 

The paper is organized as follows. §2 contains a review of motives and the 
wonderful compactifications of arrangement of subvarieties. In §3 a motivic 
decomposition for the wonderful compactifications is proved. In §4 we give 
a motivic decomposition for the Fulton-MacPherson configuration spaces. 
§5 gives a motivic decomposition for the quotient variety X[n\/&n- 
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to clarify and simplify the paper. 



2.1. Motives. Given an algebraic variety X of dimension d, let A^X = 
Ad-iX be the Chow group of codimension i, i.e., the group of algebraic 
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cycles of codimension i in X modulo rational equivalence. Define AqX = 

A'X ®z Q. 

Let X, Y be two non-singular projective varieties. The group of corre- 
spondences of degree r from X to y is defined as 

Corr'\X,Y) := ^dimX+r^^ ^ y). 

The group CorrQ{X,Y) denotes the tensor of Corr^'{X,Y) with Q. 

The composition of two correspondences / € Corr'^{Xi, X2) and g G 
Corr^{X2, X-^) is a correspondence in Corr^~^^{Xi, X3) defined as 

9 ° f ■■= T^is^i-^uf ■ ^239) 

where vTjj is the projection from Xi x X2 x X3 to Xi x Xj. 

A correspondence p € Corr^(X,X) is called a projector of X if p^(:= 
pop) = p. 

Let V denote the category of (not necessarily connected) non-singular 
projective varieties over a field k. 

Definition 2.1 ( |CH00j ). The category of Chow motives over k, denoted by 
CHA4, is defined as follows: an object ofCHM, called a Chow motive, is a 
triple {X,p,r), where X is a nonsingular projective variety, p is a projector 
of X and r is an integer. The morphisms in CHA4 are defined as 

HomcHM{{X,p, r), {Y, q, s)) := q o Corr'-'\X, Y) o p. 

The composition of morphisms is defined as the composition of correspon- 
dences. 

For a Chow motive M = {X, p, r) and an integer we define 

M{1) := {X,p,r + i). 

There is a natural contravariant functor h from V to CHM, which sends 
X to {X,idx,0) and sends a morphism / : X — y to Fj : h{Y) h{X), 
the transpose of the graph of /. Naturally, h{X){i) stands for the Chow 
motive {X, idx , tj ■ 

According to |dBV98j . we can generalize the theory of Chow motives on 
nonsingular projective varieties to the one on varieties which are quotients 
of smooth projective varieties by finite group actions. To be more precisely, 
let V be the category of varieties of type X/G with X G ObV and G a 
finite group. We can define the group of correspondences Gorr'^{X' ,Y') 
for X' ,Y' G V' and the category of Chow motives GHAi' similar to the 
nonsingular case. (The difference is that we have to use Q-coefficients). 
There is a natural contravariant functor h : V' ^ GHA4'. 

Define the G-average correspondence avec as 

avec ■.= j^ Y.[g]eGorr^Q{X,X) 
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where [g] is given by the graph of g in X x X. By [dBV98] Proposition 1.2, 
there is an isomorphism 

h{X/G) ^ (X,aveA) ^ h{Xf. 

Such a definition is consistent with the reahzation functors and Q-coefficient 
Chow groups. 

2.2. Wonderful compactification of an arrangement of subvarieties. 

The wonderful compactification of an arrangement of subvarieties is intro- 
duced in |Li06j as a generahzation of De Concini and Procesi's wonderful 
model of subspace arrangements. We briefiy review the definition and some 
properties of such compactifications. For details we refer to |Li06j . 

Definition 2.2. A (simple) arrangement of subvarieties of Y is a finite set 
S = {Si} of nonsingular closed subvarieties of Y satisfying the following 
conditions: 

(1) Si and Sj intersect cleanly (i.e. their intersection is nonsingular and 

T{s, n s,) = r(5,)|(5.n5,) n r(5,) 1(5,05,)/, 

(2) Si n Sj is either empty or equal to some Sk € S. 

Definition 2.3. Let S be an arrangement of subvarieties of Y. A subset 
Q C S is called a building set of S if VS" € S, the minimal elements in 
Q which contains S intersect transversally and their intersection is S (this 
condition is always satisfied if S £ Q). These minimal elements are called 
the ^-factors of S. We call a finite set Q of subvarieties a building set if 
the set 

5 := { n ^}^' 

where J- runs through all subsets of Q, is an arrangement and Q is a building 
set of S (for T = % we set Plygjr^ — ^)- ^^^-^ case we call S the induced 
arrangement ofQ. 

Definition 2.4. Let Q be a building set. A subset T <^ Q is called ^-nested 
(or a ^-nest ) if it satisfies one of the following equivalent relations: 

(1) There is a flag of elements in S: ^Si C 5*2 C • • • C 5"^, such that 

k 

T = \^{A : A is a Q-factor of Si}. 

i=l 

(We say that T is induced by the flag Si ^ 5*2 ^ • • • C 

(2) Let Ai^ . . . ., Ak be the minimal elements of T , then they are all the 
Q-factors of a certain element in S, and for each 1 < i < k, the set 
{A T : A ^ Ai} is also Q -nested defined by induction. 

The wonderful compactification is defined as follows: 
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Definition 2.5. Denote Y° = Y \ UG<^gG. There is a natural locally closed 
embedding 

Y° ^Yx Yl BIgY. 

Geg 

The closure of this embedding, denoted by Yg, is called the wonderful com- 
pactification of Q . 

The wonderful compactification Yg of Q has the following properties, 
where (1) and (2) are in Theorem 1.2 in |Li06j and (3) is clear from the 
proof there. 

Theorem 2.6. The variety Yg is nonsingular. For each G ^ Q there is a 
nonsingular divisor Dq on Yg such that: 

(1) The union of the divisors Dq is Yg \Y° , 

(2) Any collection of the divisors Dq intersects transversally. An in- 
tersection of divisors fl • • • H Dt,. is nonempty exactly when 
{Ti, ■ ■ ■ ,Tr} forms a Q-nest. 

(3) Each Dg is the unique connected component of tt~^{G) that maps 
surjectively to the subvariety G, where vr is the natural morphism 
Yg ^ Y. (This Dg is called the dominant transform of G and 
denoted by G in |Li06j . ) 

The dominant transform can also be defined as follows. Let n : Y ^ Y 
be the blow-up along a nonsingular subvariety G C y. For any irreducible 
subvariety V in Y, we define the dominant transform of V, denoted by V 
or y, to be the strict transform of V when V G, and 7r~^{V) when 
F C G. For a sequence of N blow-ups Yjy —> Y/v-i —>■■■—>■ Yi ^ Yq and a 
subvariety V Yq we define the dominant transform V C Y^y (or denoted 
by y ) to be the A^-th iterated dominant transform (• • • • • • )~. 

It is known (cf. |Li06j ) that Yg can be constructed by a sequence of blow- 
ups as follows. Let y be a nonsingular variety, S be an arrangement of 
subvarieties and 

G = {Gi, . . . , Gn} 

he a building set with respect to S. Suppose the subvarieties in ^ = 
{Gi, . . . , G]sf} are indexed in an order compatible with inclusion relations, 
i.e. i < j if Gi C Gj. We define the triple {Yk,S^^\g^^^) inductively with 
respect to k, where Y^ is a nonsingular variety, S^'''^ is an arrangement of 
subvarieties of Y^ and Q^'^^ is a building set with respect to S^'^^: 

(1) For k = 0, define Yq = Y, 5^ = 5, G^^^ = G = {Gi, . . . , Gtv}, 
Cf^ = Gi for 1 < i < iV. 

(2) Assume the triple {Yk,S^'^\Q'^^'^) has been constructed. Define Yk to 
be the blow-up of y^-i along the nonsingular subvariety G^ . Define 
G^^^ to be the dominant transform (G^''"^^)" for ah G e G. Then Q^''^ := 
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{G^''^}G£g is a building set (by |Li06| Proposition 2.8). We denote the 
induced arrangement by S^^\ 

(3) Continue the inductive construction until k = N. We get a nonsin- 
gular variety Yat and all elements in the building set Q^'^'^ are divisors. The 
resulting variety is isomorphic to Yg. 

For any ^-nest T, define 

YkT= fl gW. 
ggt 

The following property of Yf^T is used often throughout the paper. 

Proposition 2.7. LetO <k < N-2 and let T C {Gk+2, Gk+s, Gn} be 
a Q-nest. Then Yfc+iT is an irreducible nonsingular subvariety ofY^-^i with 
the following property: 

If {Gk+i} UT is not a G-nest, then G^j^l^ n YfeT = and Yfc+iT = YkT; 

(k) 

otherwise, the intersection Gl.^-^^^]YkT is clean, Y^+iT is isomorphic to the 

blow-up of YkT along H Y^T with exceptional divisor G^f^^^ H Y^+iT 

(where the intersection is transverse), and the codimension of G^^^^ fl Y^T 
in YkT equals to 

r dimnG.+iCGerG - dimGfc+i, if {G : Gk+i <^G^T}^%; 
1 diml" — dimGfc^_i, otherwise. 

Proof. We prove the statement by induction on k. The case /c = is obvious. 
Now assume that the statement is true for k. 

(i) Suppose that {G^+i} U T is not a ^-nest. We will show that G^.^-^ n 
YkT = 0. As a consequence we have Ifc+iT = Yj/T , since the center of the 
blow-up is away from Yj/T . 

We prove by contradiction. Assume G^.^-^ nYfcT ^ 0. Since T is a t/-nest, 
{G(^)}GeT is a ^('^^-nest by [LlnH] Proposition 2.8 (3). By Definition O (1), 
the nest {G'-'^^IgsT is induced by a flag 

51C5^C...C5[ 

where S[ G S^^\ We claim that {G^l-^} U {G^'^^jceT C a^'^) is a ^('=)-nest 
induced by the flag 

(1) (GfinSl) C5;c5^c...c5[. 

Indeed, since YkT = we know G^l^ n 5; / 0. By p06] Lemma 2.4 

(ii), the g(^')-factors of G^^l^ n 5^ are G^^') and some ^('^^-factors of 5^, 
hence our claim follows. Then [Li06j Proposition 2.8 (3) asserts that, since 
{Gfli} U {G^^^}Ger is a ^^''^-nest, {Gk+i} U T must be a ^-nest. But by 
assumption {G^+i} U T is not a ^-nest, contradition. 

(ii) Suppose that T U {Gk+i} is a ^-nest. Let the t/^'^^-factors of YfcT be 
G'l, . . . , GJ.. Then they are minimal elements in the ^^'^'^-nest {G'-'^^}g6T) by 
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the definition of nest. Assume without loss of generahty that the first m 
subvarieties G'^, . . . , G'^ contain Define A = n™ B = n[^^_,_]^G^, 

then YfeT = Ar\ B \s the G^^^^-factorization of Yf/T by |Li06j Definition- 
Lemma 2.6. 

Notice that ioTp,q>k + 2 and cf^ C ^ , we have C be- 

cause strict transforms keep the inclusion relation. Moreover, since G'l, . . . ,0^ 
are the minimal elements in Q^'^^ which contain Yj^T, the subvariety Y^^iT 
is the intersection Ci^^iG'^. Then 

m. r m 

A=f]G[, B= fl G'„ {AnBr = AnB=f]G', 

i=l i=m+l 4=1 

by |Li06j Lemma 2.9. Thus Y^^iT = (YfcT)'". By the definition of arrange- 

(k) 

ment we know that Yi^-T and Gf^_l_^ intersect cleanly, so Y^+iT is the blow-up 
of Y^T along the center G^^^ ny^T. The exceptional divisor is the preimage 
of the center, hence is G^j^^-^^ n Y^+iT. Since and Y^+iT intersect 

cleanly and since the divisor does not contain Y^+iT, we can see that 

(k) 

the intersection G^.^-^ fl YkT is actually transversal. 

(k) 

The codimension of the center l^T n G^^^ in Y^T equals 
codim(yl nBn G^i, ^ n = codim(Gi^_^i nB,AnB) = codim(G^^_^^, ^), 



where the second equality is because of the transversality of the intersection 

1 T 

codim(G^^j^, A) = diml" — dimG^+i; 



(k) 

^k+i ^ elements in T contain G^+i, then A = Y and 



otherwise 

codim(Gf^i, ^) = codim(G[5i, fl^i G'i) = codim(Gfc+i, flGfe+iCGGT G) 
= dimflcfc+iCGer C - diniGfc+i. 

Thus the proof is complete. □ 



3. The motive of wonderful compactifications 
Notations: 

• Let y be a nonsingular quasi-projective variety with an arrangement of 
subvarieties S. Let ^ be a building set with respect to S. Let Yg be the 
wonderful compactification. Let T be a ^-nest. 

• For T G Q, define Dt to be the divisor T^^^ in Yg. When no confusion 
arise, we use the same notation Dj- for its restriction to a subvariety of Yg. 

• Denote jr : YgT — > Yg to be the natural imbedding. Denote gr ■ YgT — > 
YqT to be the restriction of the natural morphism Yg — > y. 
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• Suppose j : B ^ C and g : B ^ D are two morphisms of varieties. 
Denote by {j,g) : B — > CxD the composition of the diagonal map A with 
/xfi-: 

{j,g) : B ^ BxB^^^ CxD. 

• Given a G A{P), denote by {a}i the image of the projection A{P) A'^{P) 
of the Chow ring to its degree i direct summand, i.e., taking the codimension 
i part of a. 

• We set CIqct^t T = Y if no T satisfies G ^T. Define 

rQ := dim( |^ T) — dimC 

GCTer 

Define 

Ng:=Ng{ fl r)|y„r, 
gctgt 

the restriction to YqT of the normal bundle of G in the ambient space 
(flGCTer^)- Define 

Mt := = {/iclcee : 1 < < '^G - 1, /^G G ^} 

and define := Ylceg f^G for G M7-. 

Theorem 3.1. VFe /laue the Chow group decomposition 

A*Yg = A*Y(B^ A*-\\t\\{YoT) 

where T runs through all Q -nests. 

Moreover, when Y is complete, we have the Chow motive decomposition 

hiYg) = hiY)(B^ hiYoT){M) 
where T runs through all Q -nests. 

Theorem 3.2. The correspondence that gives each of the above direct sum- 
mand can be explicitly expressed as follows, 

a : h{Yg) ^ h{YoT){M) 

Ger ^ (*) ^ i + i^G J rc-l-l^G 

here c is total Chern class, the subscript rG — 1 — fJ-G means the codimension 
rG — i — fJ^G part, and condition (if) is: G' G and T U {G'} is a Q-nest. 
The inverse correspondence is 

f3:h{Y^T){M)^h{Yg) 
fi=i9r,jr). n i-Dcr-'. 
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3.1. Proof of the Theorem \3A\ 

Lemma 3.3. Given a Q-nest T C ■ ■ ■ , Gat}. Suppose T' := T \J 

{Gk+i} is also a Q-nest. Define r = r/j^-j- to he 

dimnGfe+iCGerC - dimGfc+i, if {G : G^+i C G G T} 0; 
dimy — dimGfc_|_i, otherwise. 

Then the following Chow group decomposition holds: 

A*{Yk+iT) = A*{YkT) e A*-*(yfcTO. 

t=i 

When Y is complete, we also have the motivic decomposition 

r-l 



h{Yk+iT) = h{YkT) e h{YkT'){t). 



t=i 



Proof. Apply the well known blow-up formula for the Chow group and for 
the Chow motive (Theorem IA.2P to Proposition 12.71 immediately gives the 
conclusion. □ 

Iteratively applying the above lemma gives the proof of Theorem 13.11 

Proof of Theorem \3.1[ Define 

= {t= b^G}Geg : 1 < /UG < dim(f|r(^)) - dimG^ - 1,/xg G Z} 

T 

where T runs through the subvarieties in T such that G^^^ C T^^\ Define 

M\ ■= Eceg/^G for /i G m!j^\ 

We prove the following statement using a downward induction on k : 

(2) A*Yg = A*Yk(B^ A*-M\(YkT). 

where T runs through all Q-nest such that T C {G^+i, Gfc+2i • • • > Gn}- 

The assertion for k = N is trivial because all G^^^ are divisors in Yg 
hence of codimension 1 and Mj- =0. 

Assume ([2]) has been proved for + 1, i.e., 



A*Yg = A*Yk+i © {Yk+iT) 
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where T runs through ah Q-nest such that T C {Gk+2,Gk+3, ■ ■ ■ ,Gn}- 
Apply Lemma 13.3^ we have 



This immediately gives the Chow group decomposition ^ for k. Indeed, 
any ^-nest contained in {Gk+i,Gk+2, ■ ■ ■ ^Gn} must be one of the three: 
{Gk+i}, a ^-nest T contained in {Gk+2,Gk+3, ■ ■ ■ ,Gn}, or {Gk+i} U T. 
They correspond to the second, third and last summands in ([3]) respectively. 
(Notice that yfc({Gfc+i}UT)) = if {Gfc+i}uT is not a ^-nest by Proposition 

Therefore, the Chow group decomposition ([2]) holds for all k, in particular 
the case A; = gives the desired Chow group decomposition. For the proof of 
the Chow motive decomposition, we can either repeat the above proof almost 
word by word or, as the referee pointed out, notice that the Chow motive 
decomposition follows from the result on the Chow groups and Manin's 
identity principle. □ 



3.2. Proof of Theorem 13.21 First, we introduce some notations. For a 
given Q-nest T, 

• Define 7^ := T f^{Gk+i, Gk+2j • • • > Gn} for < k < N . Then we have a 
chain of t/-nests To 2 7i 2 • • • 2 T/v? where Tq = T and T/v = 0. 

• For fi G Mj- and 1 < i < iV, define 






if Gi G T; 



otherwise. 
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• jki and Qki {N > k > I >0) are the natural morphisms as in the foUowing 
diagram 



JT 



(4) 



9T 



9JV0 
9n-i,o 

920 

510 



JiVO 



YnT^ 



9N1 



JiV-1,0 



Yn-iTi 



JNI 



JJV-1,1 



3N,N-1 



gN,N~i 



A' ■ 

Yn~iTn~i 



9N-1.1 



J 10 



921 

-YiTi 



Lemma 3.4. Denote by g : Yk 
I < k — 1, we have 



Yfc-i the natural morphism. Then for 



5-i(Gf-^)) = G: 



Proo/. First, we claim that ^ G^" Otherwise Gi 2 Gfc since they 



(fe-i) 



are the respective images of and G^'^ under — > Iq- But then by 

the assumption that the order of {Gi} is compatible with inclusion relations, 
we obtain a contradiction I > k. 



Next, it is easy to see that 



(fc-i) 



^ G^j^ since Gp is a divisor. Now 

we know that the two nonsingular subvarieties g|^ and G^^ ""^^ intersect 
cleanly and neither one contains the other, therefore they must intersect 
transversally. Then it is standard to show by local coordinates calculation 
that the following isomorphism between ideal sheaves holds: 



g-^I{G'i'-'^)-OY, 
The desired conclusion follows from this. 



J(G 



□ 



Lemma 3.5. In Diagram Q), all squares are fiber squares. Moreover, for 
any N > k > I > 0, we have 

(i) jki is injective; 

(ii) If Gk € T, then g^i is the projection of a projective bundle with fiber 
isomorphic to a projective space of dimension r^.T — 1/ 

(iii) If Gk ^ T but {Gk}^Ti is a Q-nest, then g^i is the blow-up ofYk^iTi 
along the center G^^ ""^^ fl Yk_iTi; 

(iv) If {Gk} UTi is not a Q-nest, then g^i is an isomorphism. 



Proof. It is obvious that jki is injective. 
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Now we show that gki is the projection of a projective bundle if Gk G T. 
By Proposition 12.71 the variety 1^7^ is the blow-up of Y^-iTk along the 
center Yk-iTk-i, and the exceptional divisor is YkTk-i (note that Yk-iTk H 



G 



(fc-i) 



- Yfc_iTfc_i and YfcT^nG^"^ = IfcT^.i). Therefore c/fe,fc-i : J-fc^fc-i 
yfc_i7fc_i is a projective bundle, and the dimension of a fibre is r^t 7- — 1. 
Next we show that for any I < k — 1, gi^i is the restriction of Qk^k-i to a 
smaller base lfc_i7;, which will then show that g^i is also a projective bundle 
with fiber of the same dimension r^^T- — 1. Fix k and use downward induction 
on I. By inductive assumption, gk,i+i is a restriction of gk,k-i- Since 



(fc) 



1 ' ' 

by Lemma 13. 4( the restriction of the projective bundle gk,i+i to a smaller 

base space Y^-iTi = Y^-i'^I+i n g[;^7^^ exactly 5^/. 

Next, we show gki is birational if Gk ^ T. This is again implied by 



,(fe-i) 



is minimal in 



Proposition [23 Notice that Gl 

If T' is a C/(^^^)-nest, then g'/t/ : YkTi Yk^iTi is a blow-up along the center 

In both cases, gki is 



G 



(fc-i) 



f, n Yk^iTf, otherwise, gki is an isomorphism, 
birational. 

Finally, all squares in Diagram (jj]) are fiber squares since \/l < k 
is a restriction of gk,i+i- The proof is complete. 



2, gki 
□ 



The following lemma computes the composition of correspondences in 
certain diagrams. The author thanks the referee to suggest a proof much 
simpler than the original proof given by the author. 

Lemma 3.6. Let W, U, V, X, Y, Z be nonsingular quasi-projective varieties. 
Suppose the square in the following diagram is a fiber square. 




and suppose that dim 1^ — dim V = dim [/ — dim Y and that jk,gki^ ^ ^ ^ 3) 
are proper. Take 71, 7i G A{V),j2,J2 ^ ^(^) ^'^^ define correspondences 

ak = {jk,9k)*lk, Pk = {9k,jk)*7k, for k = 1,2. 
Then we have 

(5) 0102 = (J2i3, 5i53)*(j372 • 5371), 

(6) /32/?l = (5'15'3, J2i3)*(fi'37l • J372)- 
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Proof. By abuse of notation, for 7 G A{V) we use the same 7 to denote the 
correspondence (Ay)* (7) G A(yxy) where Ay : V ^ V xV is the diagonal 
embedding. For a map j : C/ ^ X, we denote by j* the correspondence Tj 
(i.e. the graph of j) and by j* the correspondence T'j (i.e. the transpose of 

First observe that = Qk* ° 7 ° Jl k = 1,2. Indeed, by properties of 
correspondences (cf. |Fu98j Prop 16.1.1(c)), we have Fj o 7 = (1^ x j%7, 
l°'^'g = {9 X lc/)*7, so 

9k* o Ik ° fk = ^9k ° 7fc o r*^. = {9k X jk)*7k = {9k,jk)*7k = Oik for A; = 1, 2. 
With the above observation, ([5]) is equivalent to 

5l*7Ul52*72j2 = (5'l53)*(j372 • fi'37l)(i2i3)*• 
So it suffices to prove 

(7) 7iJi 52*72 = 53*(j372 • 5371)^3- 

For any u G A{U), we have 

7iJi52*72(n) = 7153*^3 72 (^^) = 53* (5371 -^3(72^^)) = 5'3*(537i - is 72)^3 W 

where the first "=" is because of dimVF — diml/ = dimC/ — dimY, the 
second "=" is because of the projection formula. Then we apply Manin's 
Identity Principle to obtain ([7]), hence ([5]). The identity ([6]) can be obtained 
by transposing ([5]). □ 

Now we state a simple lemma and omit the proof. 

Lemma 3.7. If A, Bi, Cij are motives such that 

(i) 0^ Oi : A = 0. Bi is an isomorphism with inverse /3i, and 

(ii) 0j aij : Bi = 0^- Cij is an isomorphism with inverse Pij, 

then the correspondence 0^ j aij o ai gives an isomorphism A = ■ j Cij 
with inverse J2i j A ° Pij ■ 

For Gk G T, define hk G A^iYkT^-i) to be first Chern class of the invert- 
ible sheaf 0{1) of the projective bundle gk,k-i- Define 

(ifc,fc-i,5fe,fc-i)*l, if Gk ^ T; 

{jk,k-i,9k,k-i)*[{9lk-ANk)Y:rh-Jr,~i^^.,)^ if ^ 

= ^yfe_irfc_i>fe-i^fc- Define 

— i i9k,k-i,jk,k-i)*^, if Gfc ^ T; 

1 {9k,k-l,jk,k-l)*h1* , ifGk^T. 

Thanks to the blow-up formula of motives (Theorem IA.2p . the correspon- 
dence 

N N 

Ok : h{YkTk){ ^ ^i) h{Yk-iTk-i)C^Hi) 

i=k+l i=k 




CHOW MOTIVE 15 

expresses h{Yk-iTk-i){J2k 

direct summand of h(YkTk){J2k+i f^i) 

with right inverse 

By Lemma l3.7t the correspondence 

ar,^^:hiYg)^h{YoT){M) 

that gives the direct summand /i(lo^)(||/"||) in Theorem l3.1l can be expressed 
as the composition aioa20- ■ -oaN, with right inverse (3j\fO- • -o/^i. Therefore 
we have 

Proposition 3.8. Denote by fk ■ Y^Tq Y^T^^i the natural map in Dia- 
gram (gp. (i.e. gk+i,k~i • • • o 9N,k^i ° jN,k~2 o • • • o jj^Q.) Then 

aio---oaN = {jr,9r)* JJ {fk9l,k-ic{Nk) Ir-.-i-Mfc' 

PNO---o(3, = igr,jT). n /fcC"'- 

Proof. Combine Lemma 13.51 and Lemma 13.61 with the above discussion. □ 

The fohowing two standard facts about normal bundles of subvarieties 
are used in the proof of Theorem 13.21 

Fact 3.9. Let Z he a nonsingular variety. Let Y, W be nonsingular proper 
subvarieties of Z and assume Y intersects transversally with W. Let vr : 
Z ^ Z be the blow-up of Z along W and let Y be the strict transform ofY. 
Then 

NyZ ~ tt*NyZ. 

Fact 3.10. Let W '^Y C Z be nonsingular varieties and ir : Z ^ Z be the 
blow-up of Z along W. Denote by Y the strict transform ofY, and denote 
by E the exceptional divisor on Y . Then 

NyZ ~ tt*NyZ (g)0{-E). 

Proof of the above two facts. Prove by local coordinates. Or see |Fu98j . □ 

Proof of Theorem \3.2l To conclude Theorem 13.21 from Proposition 13.81 we 
prove in three steps. 

Step 1: Show f^h^ = -Dg^\yj^Tq- 

Recall that for Gk € T, hk is first Chern class of the invertible sheaf 0{1) 
of the projective bundle gk,k-i- 

Consider the following diagram (not necessary a fiber square) where vr 
and j are the natural morphisms: 

Yn% Yn 
fk 1- 
YkTk-i Yk . 
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By Proposition 12.71 Yk'^k-i is the exceptional divisor of the blow-up gk,k-i ■ 
YkTk-i Yk-iTk-i, so hk = -jl^^_^[YkTk-i]. Since YkTk-i is the transver- 
sal intersection YkTk n G^j^\ hk = —j*[G^k'^]. Then 

fkhk = ] = -Jrvr*[Gf ] = -frDc, = -DgJy^To. 

where the third equality can be proved by successively applying Lemma [3. 41 

Step 2: Let < s < A: < A^. Denote ggk '■ YgTk Yg-iTk to be the 
natural map induced from Yg Yg^i. We claim the following: 

If Gk G (hence 7fc-i = ^U{Gfc}), then the normal bundle Ny^Tk^jYs'T'k 
is isomorphic to 

' <fc_i(iVy._ir,_,l^s-iTfc)0(-[d')]|y,7i,_J, if (**) holds; 

< 

9*s,k~i{^ys-iTk^iYs-iTk), otherwise. 

where condition (**) is: Gg $^ Gk and Tk U {Gg} is a ^-nest. 
For the proof, we discuss three cases. 

Case (i): condition (**) holds. It is a direct conclusion of Fact 13.101 
Indeed, to apply Fact I3.1D1 we need to show that 

Yg.iTk n C Yg^iTk n Gi""') C Yg^iTk. 

The second inequality is obvious. The first inclusion is strict because of 
the following reason, is a -factor of Yg^iTk H ^\ therefore 

g\^ is not a ^^**~^)-factor because it strictly contains G^'^ ^\ On the other 

hand, G^^ ^'^ is a C/(''~-^)-factor of Yg^iTk fl G^.** ^\ So the first inclusion is 
strict. 

Case (ii): Tk U {Gg} is not ^-nested. In this case, G^f (lYg^iTk = by 
Proposition 12.71 Hence no twisting is needed for the normal bundle. 

Case (iii): Tk U {Gg} is ^/-nested but Gg is not strictly contained in Gk- If 

Tk^i U {Gg} is not a ^-nest, then gI* fl Y^-i^-i = by Proposition 12.71 

(s—l) 

Hence blowing up along Gg will not affect the normal bundle of Yg-iTk-i, 
so no twisting is needed. Otherwise, assume Tk-i U {Gg} is a (/-nest. Both 
Gg and Gk are minimal in the ^-nest 1fc-i U {Gg}. Then G^* and G^'' 
are minimal in a nest and neither one contains the other, therefore they 

(s~l) 

intersect transversally by the definition of nest. Thus, Yg-iTk O Gj^ and 

(s—l) 

Yg-iTk D Gg , regarded as subvarieties of the ambient space Yg^iTk, in- 
tersect transversally. Therefore Fact 13.91 applies, and no twisting is needed 
for the normal bundle. 

Step 3: Apply the result of Step 2 successively for s = 1, 2, . . . , A; — 1. The 
normal bundle NYi^_-^%-iYk-iTk is isomorphic to 

(5Li,fe-i • ..glk-i{NY,r,_,YoTk))®{ - Y.[Gi'~'^U_,n.,) 

(**) 
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where the sum is over ah s that satisfying condition (**). (Here we have 
used Lemma l3.4[ ) Therefore 

/fcS'fc,fc-_ic(iVy,_irfc_i^fc-i'?fe) 

^ (**) ^ 

Notice that 

{NY,T,_,Yo%)\Yor = Ng,{ fl G)\Y,r 

which is denoted by Nq^. by our notation. (The proof is as follows: Suppose 
Ti, Tm, Tm+i, Tj. are the minimal elements of the nest 7^, where the 
first m elements contain Gk- Then the minimal element of the nest Tfc-i are 
Gfc,Tm+i, ...,Tr. By the definition of nest, YqT). is the transversal intersec- 
tion Ti n • • • nT,„ nTm+i n ■ ■ ■ nT^, and YqT^^i is the transversal intersection 
Gk n Tm+i n • • • n T^. Therefore 

NYoT,_,YoTk = iVG,(ri n • • • n Tm)\Yo%_,. 

Since Ti n • • • n = PlcfcCGGT conclusion follows immediately.) 

Now put everything into Corollarv 13.81 we have 

ai o ■ ■ ■ o um 

= {jr,gr% U {c(gf (iVcJ^0(- ^[Z^cJIy^r) . ^ „^ , } ^ , 

/?7v o • ■ ■ o /?! = (gr, jr)* n (-^Gj'"^-"V^r. 

Finally, we show that the condition (**) can be replaced by the following 
condition: 

(-^) : C Gfc and T U {Gg} is a C/-nest. 

Indeed, (-^) is stronger than (**). However, for those Gs satisfying (**) 
but not (if), the divisor [.DgJ IyjvT would be trivial because Dq^ nYArT = 0. 
Therefore, replacing (**) by (if) will not affect the resulting correspondence. 

Hence the proof is complete. □ 

We write a direct conclusion from Step 3 for later usage: 

(k) 

Corollary 3.11. Denote vr : Gj^_l_-^ G^+i- Then 

Proof. Apply Step 3 to the nest T = {Gk+i}- □ 
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4. Fulton-MacPherson configuration spaces 

Fix a nonsingular variety X of dimension d. The configuration space 
of n distinct ordered points on X, denoted by F{X,n), can be naturally 
identified with an open subvariety of the Cartesian product X": 

F{X,n) := {{xi,X2, . . . G X" : / Xj for i / j}. 

In their celebrated paper [FM94j . Fulton and MacPherson have discovered 
an interesting compactification X[n] of the configuration space F{X, n). The 
compactification is obtained by replacing the diagonals of X" by a simple 
normal crossing divisor. It has many attractive properties, for example the 
geometry when n points collide, i.e. the degenerate configuration, can be 
explicitly described using X[n]. X[n] is closely related to the well known 
compactification Alo,n of the moduli space of stable rational curves with 
n marked points. The reader is referred to the beautiful paper [FM94j for 
the original construction and various applications of the Fulton-MacPherson 
configuration space. 

The Fulton-MacPherson configuration space X[n] can be realized as a 
wonderful compactification of an arrangement of subvarieties by taking Y = 
X", Q the collection of all diagonals of X" and therefore the induced arrange- 
ment is the set of intersections of diagonals which is called polydiagonals (cf. 
[Lin6] ). 

4.1. Main theorems. First we fix some notations: 

(i) Denote [n] := {1,2,..., n}. We call two subsets I, J [n] overlapped 
if / n J is a nonempty proper subset of / and J. For a set iS of subsets of 
[n], we call / is compatible with S (denote by I ~ 5) if / does not overlap 
any element in S. 

A nest 5 is a set of subsets of [n] such that any two elements I ^ J S 
are not overlapped, and all singletons {1}, . . . , {n} are in S. Notice that the 
nest defined here, unlike the one defined in |FM94j . is allowed to contain 
singletons. 

Given a nest 5, define S° = S \ {{1}, . . . , {?^}}- In the description of 
nests by forests below, 5° correspond to the forest S cutting of all leaves. 

A nest S naturally corresponds to forest (i.e. a not necessarily connected 
tree), each node of which is labeled by an element in S. For example, the 
following forest corresponds to a nest S = {1, 2, 3, 23, 123}. 




Denote by c{S) the number of connected components of the forest, i.e., the 
number of maximal elements of S. Denote by c/(5) (or cj if no ambiguity 
arise) the number of maximal elements of the set {J € 5| J C /}, i.e. the 
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number of sons of the node /. In the above example, c(5) = 1, C123 = C23 = 
2. 

(ii) For a subset I C [n] consisting of at least two elements, define the 
diagonal 



A/ := {{xi,...,Xn) G X'' 



ij if i,j € I}. 



It is shown in |FM94j that complement oi F{x, n) in the Fulton-MacPherson 
compactification X[n] is a union of normal crossing nonsingular divisors D/, 
indexed by subsets / C [n] with at least two elements. More precisely, -D/ 
is the dominant transform A/ under the natural morphism X[n] X^. 

For every nest S, X(S) := Cij^sDj is a nonsingular subvariety of X[n]. 
Define js '■ X{<S) ^ to be the natural inclusion. 

Define A5 := H/g^Aj. Define gs '■ ^(5) As to be the restriction of 
the morphism tt : X[n] ^ X" to the subvariety X{S). 

(iii) Let pi : X[n] ^ X be the composition of vr : X[n] — > X" with the 
projection X"" — > X to the i-th factor for an arbitrary i ^ I. (The choice of 
i € / is not essential: indeed, the only place we need pi is in the formulation 
of Ois.fj. below, where need the composition jsP*i- By the following diagram 



X{S) X 



gs 



As 



n\ 
Pi 
X 



where z € I, we have j^p* = QsQ*, but qi is independent of the choice of 
i £ I since As C A/, so j^pj is independent of the choice of i £ I for pj.) 
(iv) For a nest S / {{!}, . . . , {n}} (i.e. 5° / 0), define 

Ms := {[£ = {w}/G5° : 1 < W < d{ci - 1) - 1, /x/ e Z}. 

(recall that d = dimX and c/ = ci{S) is defined in (i)) and define 



\lA \ ■= X] ^ 

ies° 



For S = {{!}, . . . , {n}}, assume Ms = {fj.} with \\fi\\ = 0. 

We will show in the proof of Theorem 4.1 that Ms is the special case of 
Mq- defined in ^ where Y is X"", Q is the set of diagonals of X" and T is 
the set of ^-nests. 

Define function ({x) := E1o(1 + x)'^~'ci{Tx). 
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Define a^,^ G Corr-M\{X[n], ^s), f^S,^ G C orrM {^s , X[n]) , ps,^ G 
Corr'^{X[n],X[n]) as follows, 

..„ = (i....).is( n {-fK(-E«.'r'-'r^l„_,_,_„). 

(In the above definition of as,^i and /35,^, the products are set to be € 
if5° = 0.) 

The following are the main theorems on the Chow groups and Chow 
motives of Fulton-MacPherson configuration spaces. 

Theorem 4.1. Let X be a nonsingular quasi-projective variety. There is 
an isomorphism of Chow groups: 

s iJ.eMs 

where S runs through all nests of [n] . 

Theorem 4.2. Let X be a nonsingular projective variety. Then there is a 
canonical isomorphism of Chow motives 

a5,^ : /i(X[n]) - h{As){M) 
with the inverse ^ ^ /3<s,/i- Equivalently, we have 

S fJ.£S 



M^N) = hix^^-')[m 



5 /teA/s 



Remark: Observe that the two sets of correspondences {05^^}, {Ps,fj.} are 
Sn-symmetric in the sense that the following diagram commutes for any 
(T e &n, 

h{X[n]) h{As){M) ^-^^^-^ h{X[n]) 



t(S,m) 



<t(5,h) 



h{X[n]) ^ h{As){M) ^ h{X[n]) 



Proof of Theorem \4.1\ Apply Theorem 13.11 with the ambient space Y = X"^' 
and the building set 

G = {^/}/C[n],l/l>2 
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First notice that a nest S of [n] gives a ^-nest T = {A/j/g^o. Moreover, 
the inverse is also true: a ^-nest wih give a nest of [n]. Indeed, given a 
partition 11 = (Ji, . . . , /f ) of [n], a ^-factor of An by definition is a minimal 
element in {G & Q : G ^ An}- So {A/^, . . . , A/^} are all the ^-factors of 
An- By the definition of ^-nest, T is induced from a fiag of strata 

Ani 2 An2 2 ••• 2 An,. 

Then 

Hi > n2 > • • • > Hfc. 

(Here 11 > 11' means 11 is a finer partition than 11', e.g.(12,3,4) > (123,4).) 
The nest T is induced by "taking the union of all factors of each An" , which 
corresponds to "taking all Fs that appear in any of the partition Ilj" . Since 
the partitions are totally ordered, the set of I's forms a nest of [n]. 
Next we prove the range of fi is as stated. Theorem 13.11 asserts that 

I < IJ-G < re - I- 
Now G = Aj is a diagonal, so by definition 

re := dim( Q T) 

GCTeT 

= dim( f] Ap) 
= d{cj-l). 

Finally, observe that 

YoT= (~]G= f~]Aj = As^ X<^\ 
GeT les 

Therefore the expected conclusion is implied by Theorem 13. li □ 

Proof of Theorem \4-^ The statement of the motive decomposition is proved 
exactly as the above proof. 

The correspondences are induced from Theorem l3.2[ The improvement of 
this theorem than Theorem 13.21 is: we can say more about the Chern classes 
appeared in the correspondence 05, /i in Theorem 13.21 

First, given G = A/, let 11 = (Ji, . . . , Icj) be the partition containing all 
sons of / in S. We compute the normal bundle Nq '■= N/^^Ajj- Without 
loss of generality, assume / = (12 . . . m), where m < n. 

Denote by pi : Aj — > X and qi : An X the projections induced from 
the projection of to the i-th factor. For each 1 < ? < c/, pick an aj G 

p\Tx e pI,+iTx e • • • e pITx, 

q*ajx (£)■■■& <^ Tx © q*^+lTx © • • • © q*Tx, 
p\Tx © ■ ■ ■ © p\Tx © q*m+iTx © • • • © qnTx. 
plciTxr^'. 



-diniG 
— dim A/ 



Ta, = 

TAn = 
therefore, c{Ng) = 
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To compute the Chern classes of Nq twisted by a line bundle L, we use 
the Chern root technique. For any vector bundle N on X, define the Chern 
polynomial as 

Cy{N) := co{N) + ci{N)y + C2{N)y'' + .... 
Define x = ci{L). Recall that the rank of Nq is re = d{ci — 1). Then 
ciNc ® L) = CraiNo) + Cra^i{NG){l + x) + ... + co{Ng){1 + x)^« 

= {x + lf^^'-^^plc^{Txr~^ 

Finally, by restricting to Ag and pulling back to X{S) we get the expected 
formula for correspondences a^,^. □ 

4.2. A formula for the generating function of Chow groups and 
Chow motive of X[n]. In this section, we express the decompositions of 
the Chow groups (Theorem 14. Ih and the Chow motive (Theorem 14. 2p in 
terms of exponential generating functions. 

Define [x^] to be the function that picks up the coefficient of from a 
power series. Define [^^] to be the function that picks up the coefficient of 
from a power series with two variables x and t, i.e., 

\ x'r ] xH^ __ 

I n! J ^-^ m! 

The main theorem of this section is the following: 

Theorem 4.3. Define fi{x) to be the polynomials whose exponential gener- 
ating function N(x,t) = ^ fi(x)ij satisfies the identity 

i>l *' 

(1 - x)x'^t + (1 - x'^+^) = exp(2;"'iV) - x'^+^ exp(iV). 
Then for a nonsingular d- dimensional quasi-projective variety X, 

l<fc<n 
j>0 

Moreover, if X is projective, we have the motive decomposition 

h{x[n]) = (/i(An)(i))®'"'l^^i^^i^"^-^i^^i^"^^ 
n=(/i,...,/fc) 

partition of [n] 

= {h{X'){z)f^—^^. 

l<k<n 
i>0 
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Remark: One can write down by hand the first several terms of N. Define 
CTj = Ylf=i^ -^^ (when d = 1, define ai =0). Then 

N = t + ai- + {a2 + 3(7?)- + (ag + IOcjiCTz + 15ct?)- 

^5 

+ ((74 + 150-1(73 + 10(7^ + 105(7? (72 + 105(7^)- + .... 

5! 



Proof of Theorem \4-S\ We prove only the statement for motives, since the 
statement for Chow groups can be proved by exactly the same method. 

By Theorem 14.21 we want to count for any given i and k, how many 
possible S and € S satisfy c{S) = k and ||^|| = i. First, consider the case 
when c{S) = 1, i.e. iS is a connected forest. 

Define 

S:c{S)=l IJ.eMs 

and define fi{x) = 1. 

For a nest S of [n] with c{S) = 1, we have 

E = n ^(-/-i)' 

i.e., / goes through all non-leaves of 5 (if n = 1, then the sum is set to be 
1). Since the sons of the root of S correspond to a partition {/i, . . . ,1^} of 
[n], we have following formula for n > 2, 

fn{x) = E f\h\f\l2\-f\h\'^k-l- 

{/i,.--,^fe}partition of [n] 

where ak = Yli=i^ ^^v k > 0, and uq = 0. Since the equality does not 
hold for n = 1 where fi{x) = 1 but the right side is 0, so one define 

f - j /"(^)' if > 1; 
Jn(x) - I if n = 1. 

Then the following holds for any n > 1: 

fnix) = E f\h\f\h\-f\h\'^k-i- 

{/i,.--,^fe}partition of [n] 

Recall the Compositional Formula of exponential generating functions (cf. 
|St99| . Theorem 5.1.4), which asserts that if an equation as above holds, then 

where 

Ef{t) = l + fit + ht^/2\ + ht^/2>\ + ... 
E^{t) = 1 + (7ot + aif/2\ + (72tV3! + • • • 
Ef{t)= /it + /2t2/2! + /3tV3! + . . . 
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By the definition of /, = Ej — t + 1. Denote N = Ef, one has 

N -t+l = Eg{N), 

Standard Computation shows 

Eg{N) = 1 + N + [^(e"'^ - 1) - xe^ + x] . 

Therefore 

(1 - x)x'^t + (1 - x'^+^) = eyi-p{x'^N) - x'^+^ exp(iV). 

Now consider the case when c{S) is not necessarily 1, i.e., the forest S is 
not necessarily connected. For a partition 11 = {/i, Jfc} of [n], the number 
of times that /i(An)(i) appears in the decomposition of h{X[n]) is equal to 
[x^]{f\i^\{x)...f\i^\{x)), the coefficient of x^ in the product. Denote by ak^i 
the sum of these numbers for all partitions with k blocks. Then a^^j is the 
number of times that h{X^){i) appears in the decomposition of H[X[n]). 

Define 

Fn{y) = Y f\h\f\h\-f\ik\y''- 

{/i ,...,/fe}partition of [n] 

Then the coefficient [y'']Fn{y) = X^afc,i2;*. Use the Compositional Formula 
again, 

F„ = [-]exp(yiV). 
n! 

Therefore 

j.n 

= [/][-] exp(yiV) 
n! 

j-n 

= [-][/] exp(yiV) 
= \-] — - 

This yields the formula for the decomposition of the Chow motive h{X[n]). 

□ 

4.3. Description of X[n] for small n. In this section we explain the pre- 
vious Theorems ()4.1l 14.21 and 14. 3p about Fulton-MacPherson configuration 
space X[n] for small n = 2, 3, 4. 

For unification of expression, assume d > 1 in the following examples. 
(The case d = 1 is simpler but the expression needs to be modified.) 
Example n = 2. The morphism vr : X[2] — > X'^ is a blow-up along the 
diagonal A 12. Theorem 14.31 asserts 

d-1 d-1 

(8) h{X[2]) ^ h{X^) © h{Au){i) = h{X^) © h{X){^. 

i=l 1=1 

There are 2 possible nests: S = {1,2} and S = {1,2,12}. Theorem 14.21 
asserts the following. 
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For the first nest, Ms contains only one element /i with ||/i|| = 0. There- 
fore a = Ftt, j3 = r^, p = o Ttt- They give the first direct summand in 
the decomposition 

For the second nest, 5° = {12}, 1 < < d — 1, so there are d — 1 direct 
summands for this nest. Denote j : D12 ^ ^[2], g ■ D12 — > A12 as the 
natural map, we have 

d-l-fii2 
i=0 

They give the direct summand /i(Ai2)(/Ui2) in the decomposition ([8]). 
Example ?i = 3. Apply Theorem 14.31 

d-l d-l d-1 

/i(x[3]) ^ h{x^) e /i(Ai2)(i) e /i(Ai3)(i) e h{^2z)ii) 

i=l i=l i=l 

2d~l 



Dmm{3i— 2,6cZ— 3i— 2} 

V'n^i23n'-;; 

1=1 



e (/.(Ai23)«)^ 



d-l 2d-l 
^ h(X^) © {h{X^){i)f^ (/,(^)(i))®™«{3.-2,6d-3^-2} 

i=l i=l 

Now we write out all the correspondences that give the decomposition of 
motives. There are 8 possible nests, correspond to 8 trees (see the right side 
of Figure I13D. 

The tree on the left side of Figure 14.31 helps us to understand the relation 
between subvarieties of different l^'s (i.e. at different levels): each node with 
label I at level k correspond to the subvariety Y^I := (A/)(^) in Y^. The 
node at level k without label correspond to Y^. For example, the root at 
level 4 corresponds to I4, its two successors correspond to I3 and 13(23), 
and the relation is that I4 is the blow-up of I3 along 13(23). 

We list below those correspondences a,f3,p for the 8 trees: 

® gives a = T^,(3 = Ti,p = Tio T^. 




level 4 



!** A * A 2 A ' 

level 3 12 13 2 3 



level 2 
level 1 

123 12 123 13 123 23 123 level 



/C^ /C^ 

Figure 1. -^^[3] by the symmetric construction. 



12 13 2 3 
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(2) (and @, are similar) gives 

i + i>'l2 

/35,/. = (55,i5)*jM^r2""')- 

where = D12, 1 < /U12 < d — 1. 

® gives 

"5,^ = Us, 9s)*js{{-PiCi(^f y—T. — }2d-i-Mi23)> 

i + I>'i23 

where = i?i23, 1 < <2d-l. 

(6) (and @, (8) are similar) gives 

(WC(-^123)— ^}d-l-;.i2WC(0)T-^}d-l-/.l23), 

where X(5) = D12 n ^123, 1 < ^^2, /W123 < d - 1. 

Remark: If we use Fulton and MacPherson's nonsymmetric construction 
of ^[3], we would get another set of correspondences which also gives a 
decomposition of the motive /i(X[n]). This set of correspondences turns 
out to be different than the ones given above: a straightforward calculation 
shows that, by the nonsymmetric construction of -^[3], the correspondence 
that gives the direct summand /i(Ai2)(/Lii2) is 

a : h{X[3]) ^ h{Au){m), 

a = (ji2,5i2)*ji*2({PiC(C)T— ^7^}d-i-/.i2)- 

where J12 : -D12 ^ ^[3] and 512 : -D12 ■^12 are the natural morphisms. 
However, the correspondence giving the direct summand h{/S.i^){fii^) is 

a': /i(X[3]) ^ /^(Al3)®L^l^ 

a' = (ji3,gi3).Ji3({PlC(--Pl23) -, irf-l-ma)- 

where J13 : D13 ^ X[3], 313 : Di^^ — > A13 are the natural morphisms. Notice 
that a and a' are not of similar forms (Compare C(^) with C(~-^i23))- 
Therefore the non-symmetry of the construction of X[3] induces the non- 
symmetry of correspondences. Actually, this is one reason why we choose 
the symmetric construction of X[n\ (cf. Remark I4.ip . 

Example n = 4. we only look at one nest S: 
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s 

A A 

12 3 4 

We have X{S) = D12 n D34, 1 < /X12, /i34 < d — 1 and 
as,^i. =Us,9s)*js 

({PlC(--Pl234) ^ , „ }d-l-tii2{plC{-Dl234) ^ , „ }d-l-fi34,)^ 
/35,/.=fe,i5)*iM^f2'"'^3T"')- 

Since A12 and A34 would not be disjoint in the procedure of blow-ups, a 
priori we have to make a choice of order that whether blow up along (the 
strict transform of) A12 first, or along (the strict transform of) A34 first. 
Although we have to choose (non-canonically) an order to compute the cor- 
respondences, it turns out that the correspondences (hence projectors) which 
give the motive decomposition in Theorem 14.21 are actually independent of 
the choice, therefore "canonical". This independence is a special case of 
Remark 14.11 for a = (13) (24) G S4, the above correspondences is invariant 
under the action induced by a. 

An application of Theorem 14.31 is: we can compute the rank of ^(X[n]) 
(as an abelian group) once given the ranks of A{X^) for all 1 < A; < n 
(assuming that the ranks of A{X''ys are finite). 

Let us take F'^[5] for example. Since the rank of A{{F'^)'^) is (d + l)'^. 
Theorem 14.31 implies that the rank of A(P'^[5]) is 

E(^+i)'(iJ(^i-)). 

l<fc<5 

By Remark 14. 2| we can compute the following 

^ = ^ + 3ai- + {15al + 4(72)^ + (105a? + 60aia2 + 5^3)- + .... 

^ = 3!+'"^4!+(''"' + '°"^)5!+-- 

ir = 4!+^°'^^5!+-- 

_ 

'51' ~ 5! 

Now plug in X = 1, we have aj = dj — 1. The above sum is a polynomial of 
d as follows 

(d + if + {d+ l)HOai + {d+ ifiibaf + 10^2) 
+ {d+ l)2(105a? + 60^1^72 + 5^73) 
+ {d+ l)(o-4 + 15f7io-3 + lOo-^ + 105o-f cr2 + lOSfrf). 
In particular, the rank of A(P^[5]) is 178, the rank of A(P^[5]) is 7644. 
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Remark: For the example X = P"^, since X[n] has an affine cell decompo- 
sition, the rank of the Chow group j4fc(X[n]) coincides with the 2A;-th Betti 
number of X [n] . Therefore we could also get the above rank by the Poincare 
polynomial of X[n] computed in |FM94j . However, the rank of ^(X[n]) for 
a general variety X is not implied by the Poincare polynomial of X[n]. 

5. Chow motives of X[n]/S„ 

It is proved in |FM94j that the isotropy group of any point in X[n] is a 
solvable group. It is natural to consider the quotient space X[n]/&n- In 
this section, we compute its Chow motive in terms of the Chow motives of 
the Cartesian products of symmetric products of X. 

The base field is of characteristic throughout this section. 

Lemma 5.1. Suppose a finite group G acts on a nonsingular projective 
variety Y . If pi, . . . ,pi^ are orthogonal projectors ofY that 

i) api =Picr, VI < i < A;, V(T G G. 

a) pi+P2^ Pk = Ay. 

Then aveAy = ave o p^ where ave o pi, . . . , ave o p^^ are orthogonal 
projectors. Consequently, h{Y) = (BiY, aveo pj). 

Proof. Since 

(ave Pi) (ave pj) = {^-^ ^ ap^ {^-^ ^ rpj 

= ^^P'P^ " M ^ " (avepj). 

Then the lemma follows. □ 

Lemma 5.2. Suppose Y, Z are nonsingular (not necessary connected) pro- 
jective varieties with finite group G actions. Suppose that a G Gorr~^{Y, Z) 
has an inverse (3 G Gorr"^{Z,Y), and a gives an isomorphism of Chow mo- 
tives 

{Y,p) ^ h{Z){m) 
where p = (3a, and aa = era, j3a = a(3, Ma G G. Then 

{Y, ave op) ^ h{Z/G){m). 

Proof. Similar to the proof of Lemma l5. 11 we have (avep)^ = avep and the 
following commutative diagram 

Y """"i z Y 

ave p ave A z 3-™ P 




ave /3 

Therefore, (y,avep) ^ (Z,aveA2)(m) ^ h{Z/G){m). □ 
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Now we consider the quotient variety X[n]/(3„. For convenience, define 
G := &n- There is a natural action of G on the set where S are 

nests and /i € Mg. Define the subgroup G^^^ of G as 

Gs,fj. = {(T G e„ : fT(5,/i) = (5,^)}. 
Define (5, /x) to be the class of G-orbit G ■ Then 

Ay = PS,^ = ^ J] P.(5,M) • 

Since {as,fj.}, {Ps,fj.} (3„-symmetric (cf. the Remark after Theorem 14. 2p . 
it is easy to check that XIctsG/Gs P(7{s,fi) commutes with every t G G. By 
Lemma 15.11 

hiX[n]/G) - (y, ave o Ay) - (y, ave o p^^^^^^^ . 

Since 

by Lemma 15.21 we have 




^h{/\s/Gs,MlA\)- 
The space A^/G^^^ can be described as follows. Each (5, ^) corresponds 
to a labeled "weighted" forest, the correspondence is given by attaching an 
integer /i/ to each non-leaf node / of the labeled forest 5. Forgetting all the 
labels on the nodes of 5, we get an unlabeled weighted forest of the form 
niTi + • • • + n^Tr, where Tj are mutually distinct unlabeled weighted tree 
(we call such a tree is of type {ni, . . . , n,.}). Then 

As/Gs,^ = ^^"'^ X • • • X 

Figure [2] gives an example of a labeled weighted forest and the corresponding 
unlabeled weighted forest. The weight a, h are integers. 

Labeled weighted forest Unlabeled weighted forest 



2 




Figure 2. Labeled and unlabeled weighted forests. 
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Therefore we have proved the following decomposition of the Chow motive 
oiX[n]/&n: 

Theorem 5.3. For any unordered set of integers v = {ni, . . . , n,.} and any 
integer m, let A(z^, m) to be the number of unlabeled weighted forest with n 
leaves, of type v and total weight m, such that at each non-leaf v with c^ 
children, the weight m„ satisfies 1 < ruy < {cy — 1) dimX — 1. Then 

h{X[n]/en) = X ■ ■ • X (m)J 

u,m, 

Remark: An application of this theorem. MacDonald proved a formula 
that relates the Betti number of X and its symmetric powers: 

f^pWn) [l+tTf^jl + t^Tr^... 

^ * (1 _r)f'o(i -i2T)f'2 ... 

where bi is the i-th Betti number of X. By the decomposition of the de Rham 
cohomology of X[n]/&n induced by the motivic decomposition formula in 
the above theorem, we can compute the Betti number of X[n]/6n (modulo 
the combinatorial difficulty of calculating A(i/, m)). 

Examples: Here are some examples of h{X[n]/&n.) for small n. Let d = 
dimX. 

i) n=2. There are d different forests as follows, where each weight a £ Z 
(1 < a < d — 1) gives a forest: 

A 

I. = {2} i. = {l} 

Therefore 

d-i 

h{x[2]/e2) = e h{x){a). 

a=l 

ii) n=3. The forests are: 



... A * /I\ 

iy = {3} u = {l,l} iy = {l} /. = {!} 

where the weights a,b,c,e € Z satisfy 1 < a,c,e < d—1, and l<b<2d—l. 
We have 

d-l 2d-l 

h{x[3]/e^) - © {h{x^){i)f' 

i=l 1=1 
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iii) n=4. The varieties appear in the decomposition of h{X['i]/&4) are: 

The decomposition is a bit nasty to be written here. Therefore we only point 
out a fact. Consider the forest in Figure El where a, 6 G Z and 1 < a, 6 < 
d — 1. For any a < b, the weighted forest is of type u = {1,1} and therefore 



Figure 3. An unlabeled weighted forest when n = A 

gives a summand h{X'^){a + 6). However, for a = b, this weighted forest 
has an automorphism exchanging the two trees, thus is of type = {2} 
and gives a summand h{X^'^^){2a). Due to this kind of automorphism of 
weighted forests, it seems difficult to compute A(i^, m). 

Question. Is there a clean formula for X{i',m)? (Maybe in terms of a 
generating function?) 



Appendix A. A Formula for the motive of a blow-up 

Suppose / : y — y is the blow-up of a nonsingular projective variety Y 
along a nonsingular closed subvariety V of Y, and denote by P the excep- 
tional divisor. Denote by i,j,f,g the morphisms as in the following fibre 
square 

j 



P 



Y 



□ 



/ 



^Y. 

Denote by N := NyY the normal bundle of V in Y. Let h := 01(0/^(1)) G 
A^{P). Let r := codimyl" be the codimension of V in Y. 

For 1 < k < r — 1, define G Corr~'^(Y ,V), (3k G Corr'^(y,Y), G 
Corr^(Y,Y), oq G Corr^{Y,Y), (3o G Corr^(Y,Y) and po G Corr^{Y,Y) 
as follows 



(9) 



"0 

Po ■■ 

Oik 



(3k 

Pk 



r*or, 



(/x/)*Ay, 

z=o 



Pk ° a/c, 
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where the subscript r — 1 — k in the definition of means taking the 
codimension (r — 1 — k) component. We will give the proof of the following 
proposition at the end of this section. 

Proposition A. 1. Define Uk, Pk^Pk^otQ^ l^o^Po as above. The following holds. 

(i) ao/3o = Ay, akh = Ay for 1 < k < r - 1; 
aiPj = Oforiy^j. 

(ii) Po,pi,P2, ...jPr-i are mutually orthogonal projectors ofY, and 

r-1 

^Pi = Ay inA{YxY), 

i.e. equality holds up to rational equivalence. 

(Hi) We have the following isomorphisms of motives, 

oq : {Y,po,0) ~ h{Y),with inverse morphism (3q, 

Ok ■ {Y,pk,0) ^ h{V){k), with inverse morphism f3k, for 1 < k < r — 1. 

r-1 r-1 

Define F := © Oi, T' := X]ft> then Proposition lA.ll can be conveniently 
reformulated as follows: 

Theorem A. 2. The correspondence T gives a canonical isomorphism in 
CHM, 

r-1 

r : hiY)^h{Y)®^h{V){k). 

k=l 

with an inverse isomorphism given by V . 

Remark: When the normal bundle of F in y is trivial (for example, when 
y is a point), P is isomorphic to a product space VxF^~^ and h = ci{Op{l)) 
can be represented (not canonically) by a product space H = VxF^~'^ in P. 
In this case, we have simple forms for the projectors: 

Pk = -(ixj%(i7^-i"^-Xvi/^-i), for 1 < < r - 1; 

r-1 

Po = A + Y.ijxjUH'^'-'^vH''-'). 

k=l 

In general, for a nontrivial normal bundle A^, more terms involving the Chern 
classes of N are needed, and the correspondences cannot be represented by 
explicit and natural algebraic cycles. 

Remark: The isomorphism of motives in Theorem lA.2l is also a consequence 
of "Theorem on the additive structure of the motif" of Y in [Man68| §9, 
which states, in our notation, that there is a split exact sequence 

h{V){r) ^U. h{Y) © h{P){l) — ^ h{Y) . 
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The correspondences appeared in our theorem are not given, at least not 
expHcitly, in Manin's paper. 

In order to clarify this point, define 

$ = Cr^i{g*N/ON{-l)) G A'^\P),c^ = 5p,($) G Corr{P,P), 

a = (i*,c$ o g*),a' = g^, 

b = f* + j^,, b' its right inverse, 

d = AyxP — aa , d' = Ay (g) (Ap — p^) (where p^ = c^r-i o g* o g^,), 

denote by e : ©^~}l^(fc) {P, Ap — Pq) the isomorphism implicitly defined 
in |Man68j §7, and denote by e' the inverse of e. 
We have the following isomorphisms 

HY) h{V){k) ^ {Y U P, (Ay, Ap - pP)) ^ 

k=l AY<S>e' d' 

(Y U P, Ayup - aa') O {Y, Ay) . 
Hence the following is an isomorphism of Chow motives 

(Ay ® e') od' ob' : h{Y) ^ h{Y) h{V)0h'' 

k=l 

with inverse b o do (Ay (g) e). 

Therefore, to write down the correspondence (Ay (^e')od' ob\ we need to 
find explicitly the right inverse b' of b. However in |Man68j the construction 
of b' is based on the surjectivity of 7 : A{Y x (y UP)) —> A{Y x Y) as follows: 
by the surjectivity of 7, there is a cycle class c G A(Y x (Y U P)) (which is 
not given, at least explicitly, in |Man68j ) such that 7(c) = Ay G A{Y x Y). 
Then b' is defined to be (1 — aa')c. 

On the other hand, the correspondences F and F' we have constructed in 
Theorem I A . 2 1 give an explicit construction of b' . Indeed, b' = (io(Ay (g)e)oF. 

Proof of Proposition C4Til In the proof, we assume 1 < k < r — 1^ 0< 
i,j < r — 1. 

The idea is as follows: we study the morphisms ai^,(3i^ and pi^ of Chow 
groups induced by the correspondences ai,(3i and pi. As a consequence, the 
identities of morphisms of Chow groups which are induced by the identi- 
ties in Proposition lA.ll (i) (ii) hold. On the other hand, Manin's Identity 
Principle asserts that the identities of morphisms of Chow groups imply 
the identities of correspondences, providing that the correspondences are 
universal in certain sense. 
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By |Vo03] Theorem 9.27, an element y € A{Y) can be expressed uniquely 

as 

r-l 
i=l 

It is standard to verify 

(ofc) The morphism a^* : A{Y) ^iV) maps y i-^ a^. 

The morphism : A{V) — > A{Y) maps x ^ j*{g*x ■ h^~^). 
(ao) The morphism oq* : A{Y) A{Y) maps y ^ y. 
(/?o) The morphism /3o* : A{Y) — > A(y) maps y ^ f*y. 

To give a flavor, we prove only the statement (a/c), that is, ak*{y) = a^. 
Define ao = —i*y- Since j*i*2; = —h ■ z for Vz G ^(-P)i we have 

-r— 1 r— 1 r— 1 

3 y = 2_^3 J*{9 ai-h )+jfy = - at ■ h + g t y = -2^9 ai ■ h . 

1=1 i=l i=0 

By definition (see |Fu98j §3), the i-th Segre class of is 
hence 

r—l—k 



ak*{y) = -9*{j*y ■ ^ g*Cr-i-k-i{N) ■ h}) 

1=0 

(r— 1 r— 1— fc \ 

(- 9*ai • /i*) • ( 9*Cr^i-k-l ■ h^) J 

i=0 1=0 ^ 

r— 1 r— 1— 

Yi ^li 9*iaiCr-i-k-i)h' 

' 1=0 1=0 
r-l-fc 

^flif ^ Cr-l-k-lSi^l+l-r 



i=0 1=0 



Since c{N)s{N) = 1 where c{N) := '^Ci{N) is the total Chern class and 
s{N) := Si{N) is the total Segre class, we have 



1 — 1— fc 



Cr-l-k-lSi+l+l^r — ^ Cr^l^k~lSi+l+l~r — {c{N)s{N)}i_k — Sik, 



1=0 l=-oo 



the first equality is because = for / < and Cr^i^k-i = for 

I > r — 1 — k. It follows that ak*{y) = ak, as we claimed. 
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The statements (afc),(/3fc),(ao),(/5o) immediately imply the following iden- 
tities: 

ak*Pk* = idA{v)^ ao*Po* = ^c^A(y)) <y-i*Pj* = for i / j, 

iPiVj)* — ^ijPi*) ^ ^ Pi* — ^'^j4(y)' 
i=0 

For any smooth scheme T, TxY is the blow-up of Txy along the smooth 
subvariety TxV. Denote j' = idxxj, g' = idxxg-, f = idrxf, i' = idrxi, 
we have the following fiber square: 

TxP^^TxY 



a' □ 



/' 



TxV ^-^TxY 

We can construct the correspondences a[,f3[,p[ for this fiber square as we 
did in ([9]). we have 

a- = idx ® ai, I3[ = idx <S) Pi,Pi = idx <S) Pi- 

Then (i) and (ii) follows from Manin's Identity Principle. 

For (iii), to show that ai^ gives an isomorphism (y,pfc,0) ~ h{V)(S>^^ 
with inverse we need to show that = p/^o f3f,o and id = idoa^o Pk- 
but they are direct consequences of the fact that ak o I3k = Ay from (i). 
The proof for (y,po;0) ~ h{Y) is similar. □ 
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